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Abstract. Let M be the set of Borel probability measures on R. We denote 
by /j ac the absolutely continuous part of fi £ M. The purpose of this paper is to 
investigate the supports and regularity for measures of the form (fj,^ p ) Wq , fi £ 
J\4 , where EE and til are the operations of free additive and Boolean convolution 
on A4, respectively, and p > 1, q > 0. We show that for any q the supports 
of ((^t^P^s^ac an< j ^fflpjac con t am the same number of components and this 
number is a decreasing function of p. Explicit formulas for the densities of 
((/^ p ) l±l9 ) a ' c and criteria for determining the atoms of (pP p ) Wq are given. Based 
on the subordination functions of free convolution powers, we give another 
point of view to analyze the set of EB-infinitely divisible measures and provide 
explicit expressions for their Voiculescu transforms in terms of free and Boolean 
convolutions. 

1. Introduction 

For measures \i and v in M., the measure pS^v is the free (additive) convolution of 
/i and v. Thus, /i EH v is the distribution of X + Y , where X and Y are free random 
variables with distributions fj, and v, respectively. Denote by <j>^ the Voiculescu 
transform of p which satisfies the identity 4>Mu = $p + 4>v m some truncated cone 
in the upper half-plane C + . 

For n £ N, the n-fold free convolution //EH - • - EH \i is denoted by /jP n . It was shown 
in [21] that the discrete semigroup {/i ffln : n £ N} can be embedded in a continuous 
family {^ fflp : p > 1} which satisfies /i fflpi EH ^ fflp2 = ^(pi+p*) , Pl>p2 > l. Any 
measure in this family satisfies (fr^mp = ptj)^ in some truncated cone in C + . We 
refer the reader to [3141 and [TO] for complete developments on the existence of 
this continuous family. In the full generalization, Belinschi and Bercovici used the 
subordination function to construct the measure p > 1, and obtained certain 
regularity properties. In [15] . an explicit formula for the density of (/x fflp ) ac was 
provided and the relation between the supports of /i and fjP p was analyzed. As a 
consequence, the number n(p) of components in the support of /i fflp was shown to 
be a decreasing function of p. 

An important class of measures in Ai is the set of EH-infinitely divisible measures 
\x. Recall that /i is EB-infinitely divisible if for any n £ N there exists a measure 
fi n £ M. such that n® n = fi. Another operation of convolution is the Boolean 
convolution 1+1 introduced by Speicher and Woroudi [22]. The connection among 
free, Boolean, and classical infinite divisibilities was thoroughly studied by Bercovici 
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and Pata [7] . An aspect of this connection between infinite divisibility with respect 
to EH and l±l is the Boolean Bercovici-Pata bijection B. 

Another map M t : Ai — > Ai connecting free and Boolean convolutions is dehned 

by 

B t (/i)= (/x^ 1 ))^, t>0, HEM. 

This map introduced by Belinshi and Nica [5] satisfies l t oB s = M t + S , s,t > 0. 
More importantly, the map Bi coincides with the Boolean Bercovici-Pata bijection 
B. As a result, B((/x) is EB-infinitely divisible for any /j £ M and t > 1. This led 
the authors to associate to each measure \i £ Ai & nonnegative number Ind(/i), 
which is called EB-divisibility indicator. For instance, the semicircular and Cauchy 
distributions have EB-divisibility indicators 1 and oo, respectively. It was also shown 
that li is EB-infinitely divisible if and only if Ind(/i) > 1. For any measure /i £ Ai 
with mean zero and unit variance, denote by ^(/i) the unique measure in Ai such 
that Efj, = G$( M ). Recall that the free Brownian motion started at v € Ai is 
the process \y ES 74 : t > 0}, where 74 is the centered semicircular distribution 
of variance t. The connection between this process and the map B t is via the 
identity £« t (^) = G<s>(p)a-y t - These authors also studied the regularity of measures 
in ~B t (Ai). In [6], the same authors studied the map B t on the space T> c (k) of 
distributions of fc-tuples of self-adjoint elements in a C* -probability space based on 
moments and combinatorics. As in [5], they showed that Bi is the multi- variable 
Boolean Bercovic-Pata bijection and investigated the relation between B t and free 
Brownian motion. Later, for measures fi, v £ T> c (k), Nica [20] studied the so-called 
subordination distribution of fiSv with respect to v, in which a property related to 
the present paper is that (^t ffl P) tt, (p _1 )/p is EB-infinitely divisible for any p > 1. For 
other further developments on B t and the EB-divisibility indicator of the measure 
(Li mp ) Wq , we refer the reader to 0. 

In the present paper, we mainly use the subordination functions for the EB- 
convolution powers to study EB-infinitcly divisible measures. We show that mea- 
sures of the form (/jP p ) l± ' q are EB-infinitely divisible for fi 6 Ai, p > 1, and < 
q < (p — l)/p. We also provide explicit formulas for the Voiculescu transforms 
of EB-infinitely divisible measures, particularly, the compound free Poisson distri- 
bution with the rate A and jump distribution v e Ai is shown to be of the form 
^ffl(A+i)-jtHA/(A+i)^ Vl £ anc j its EB-divisibility indicator is calculated as well. In 
the study of the measures with mean zero and finite variance er 2 , we reformulate 
their EB-divisibility indicators in terms of free Brownian motion: 

Ind(/x) = sup {t > : = cr 2 G^ lt ^ 2 for some v t € M} . 

As a consequence of this reformulation, a measure v € M can be written as v\ EB 7 t 
for some v\ £ Ai and t > if and only if Ind($ _1 (;y)) > 0. Moreover, we have 
Ind(/x) > 1 if and only if ^ = a 2 G^ lt for some v £ Ai and t > 0. The work 
[4] provides solid foundations for the current research and leads us to investigate 
the supports and regularity for the measures (/Lt fflp ) g , p > 1, q > 0. We prove 
that the nonatomic parts of this type of measure are absolutely continuous and the 
densities are analytic wherever they are positive. More importantly, the number 
of components in the support of ((Li Sp ) Wq ) ac is independent of q and a decreasing 
function of p. Particularly, (/i tt ' 9 ) ac contains the same number of components in the 
support for any q > provided that Ind(/x) > 0. 
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The paper is organized as follows. Section 2 contains definitions and basic facts in 
free probability theory. Section 3 provides complete descriptions about the connec- 
tions among free, Boolean convolutions, and ffl-infinitely divisible measures. Section 
4 investigates the set of ffl-infinitely divisible measures with mean zero and finite 
variance. Section 5 contains results about the supports and regularity for the mea- 
sures (/U fflp ) U9 , where p > 1 and q > 0. 

2. Preliminary 

For any complex number z in C, let and 9z be the real and imaginary parts 
of z, respectively. Denote by <C + = {z e C : 3z > 0} the complex upper half-plane. 
Consider the set Q defined as 

G = \ G\G : C+ ->■ C" is analytic and lim iyG(iy) = 1 1 . 

It is known that a function G is in g if and only if there exists some measure \x e M. 
such that G can be written as 

G(z) = G^z) := [ — !— dii(a), z e C+. 

JR z ~ s 

The function G M is called the Cauchy transform of /i. The measure fj, can be 
recovered from G M as the weak limit of the measures 

dfi e (s) = QGJs + ie) ds (2.1) 

7T 

as e — > + . This is the Stieltjes inversion formula. Particularly, if 3G extends 
continuously to an open interval containing some point x <G R then the density of 
the absolutely continuous part of fi at x is given by — $sG(x)/ir. 

Another class of functions which is closely related to g and plays a significant 
role in free probability theory is the following set 

T = \ F\F : C+ -> C+ is analytic and lim F ^ 



y—>oc iy 

A function F belongs to T if and only if F = F^ := 1/G M for some fi e M. The 
function F^ is called the reciprocal Cauchy transform of /j,. Any function Fe J 
has the property QF(z) > 3z for z e C + and has a Nevanlinna representation of 
the form 

F(z) = RF(i) + z + / dp(s), (2.2) 

JR s — z 

where p is some finite positive Borel measure on R. Moreover, the function F has 
a right inverse F^ 1 with respect to composition, which is defined on the truncated 
cone 

r a>p = {x + iy e C+ : \x\ < ay, \y\ > /?} 
of the upper half-plane for some a, > 0. The function <j)^ : T a p — > C"Ul defined 
by 

( t>ii{z) = F tl 1 {z)-z, zer a ,p, 

is called the Voiculescu transform of [i. As indicated in the introduction, for /i, v E 
M. and z in some truncated cone in C + the following identity holds: 

<t>v,m v {z) = <l>n(z) + <t> v {z). 
Particularly, the identity -F^eb^ (z) — F^(z — a) holds for z e C + and a € R. 
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The reciprocal Cauchy transform can be used to locate the atoms of p. A 
point a is an atom of p if and only if F fJ- (a) — (that is, is defined and takes 
the value at the point a) and the Julia-Caratheodory derivative F'^a) (which is 
the limit of 

F^z) - F^a) 

z — a 

as z — > a nontangentially, i.e., QStz — a)/$sz stays bounded and z £ C + ) is finite, in 
which case fJ>({a}) = 1/F'(a). 

Given any measure p £ Ai, the function E^(z) — z — F fl (z) is called the energy 
function associated with p and belongs to the following set 

f E(iv) 
£ = < E\E : C+ -> C~ U R is analytic and lim — ^ = 

Conversely, any function E in £ is the energy function of some p £ Ai whose 
Nevanlinna representation is given by 

E(z) = RE(i) + / dp(s), (2.3) 

where p is some finite positive Borel measure on R. Observe that we have the 
inclusion Q C £. Indeed, for any measure p £ Ai it was proved in [19] that /i has 
mean zero and finite variance er 2 , i.e., 

/ s dp(s) — and / s 2 dp(s) = a 2 
Jr Jr 

if and only if there exists some unique v £ Ai such that 



T 2 



E^ = o 2 G v . (2.4) 



If a — 1, let <&(//) be the unique measure satisfying — GW^). The Eq. 
()2.4p particularly shows that pf 1 !" has mean zero and unit variance, i.e., E^ — 



Next, consider the set 

"H = : C+ -)• C is analytic, 9H(z) < 3.z, z e C+, and lim = 1 1 . 

which plays an important role in the investigation of the free convolution powers of 
measures in Ai . Indeed, for any H £ H the function 2z — H(z) 6 J 7 is the reciprocal 
Cauchy transform of some measure in Ai. More importantly, the right inverses of 
the functions in % can be used to construct the p-th EE-convolution power pP p , 
p > 1, of any measure p £ Ai. We list below the properties needed in this paper. 
For more details, we refer the reader to |3I4[ and [18]. 



Proposition 2.1. For any p £ Ai and p > 1, define the function 

H p (z)=pz + [l-p)F tl {z), z£C+, 
the set f2 p = {z £ C + : QH p (z) > 0}, and the function / M : R — > R + U {oo} as 



U x ) = / 7 ^dp(s), x£R, (2.5) 

Jr is — %) 

where p is the measure in the Nevanlinna representation (|2 . 2[) of F^ . 
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(1) The function H p is in % and the set £l p is a simply connected domain 
whose boundary is the graph of the continuous function f p : R — > [0, oo), 
where 

f P (*)=^\y>0: ^ {X + ly) >-U, XEH. 

I v p- i J 

(2) For x € K, fp(x) = if and only if f p (x) < l/(p — 1), while z *E Q p if and 
only if 

s ' + 1 ^ / a 1 

12 d P\ s ) < 7- 

s — z\ z p — 1 

Consequently, the functions and H p have continuous extensions to Sl p 
which are Lipschitz continuous with Lipschitz constants l/(p— 1) and 2, 
respectively. Moreover, Eq. (|2.2[) holds for z G il p . 

(3) There exists an analytic function lo p : C + — > C + extending continuously 
to C + U R such that H p (ui p {z)) — z holds for z £ C + U R. Consequently, 
il p = ui p (C + ), uj p {H p {z)) — z holds for z £ Sl p , and 

|Zl ~ ^ < |cj p (zi)-cj p (z 2 )|, zi,z 2 eC + Ut. 

(4) 77ie function u p is analytic in a neighborhood of x wherever uj p (x) ^ R. 

(5) Let /J Sp be the unique measure in Ai whose reciprocal Cauchy transform 
satisfies 

PUp(z) ■ 
p-1 

Then there exist some a, /3 > such that 

</ya P {z)= p<\>^ (z), z e r Qj(3 . 

Moreover, the function uj p is the subordination function of fjP p with respect 
to \x, i.e., 

= f/iKW), zeC+UR, 

and consequently 

F ^v{H p {z)) = F^(z), z&TTp. 

Complete characterizations of the supports of were given in [18] . Following 
the notations in Proposition 12. 1\ we give below the results needed in the current 
research. 

Theorem 2.2. For g .M, define the function i/j p : R — > R 6j/ ipp( x ) = -Hp (a; + 
if p (x)), x G R, and f/ie set = {x € R : > 0}. TTien £/ie following 

statements are true. 

(1) TTie function ip p is a homeomorphism on R. 

(2) TTie measure (/i fflp ) ac is concentrated on the set 4> P {V P + ) with density 

dx 9 ir\px — Tpp(x) + ipf p (x)\ : p 

(3) The number of the components in the support of /jP p is a decreasing func- 
tion of p. 



FM*) = - \ ^ C+ - ( 2 - 6 ) 
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The set of EB-infinitely divisible measures in A4 is closed under weak convergence 
of probability measures. As shown in [5], a necessary and sufficient condition for /j, 
to be ffl-infinitely divisible is that <^ belong to £ . 

The Boolean convolution introduced in [22] was defined via the functions in £. 
Given fi\ and fi2 in M, the measure v satisfying the relation 

E v =E tll + E m 

is called the Boolean convolution of fix and ^2, and it is denoted fj,\ W fi2- For 
[i G M. and a positive integer n, the n-fold Boolean convolution // t±J • • • W /i denoted 
by /i 1 * 1 ™ satisfies E^wn = nE^. This can be extended naturally to the case when the 
exponent n is not an integer. That is, for every q > the q-th l±)-convolution power 
lj} t)q is defined as the unique measure in M. satisfying 

E^m = qEf,. 

The following theorem builds the connection between ffl-infinitely divisible mea- 
sures and the Boolean convolution, which was thoroughly investigated in [7J. 

Theorem 2.3. Let {/U n } be a sequence in Ai and let ki < &2 < • • ■ be a sequence 
of positive integers. Then the following statements (l)-(3) are equivalent: 

(1) Hn kn A i ^ P weakly as n — > oo; 

(2) n^ 71 — > /Zy P weakly as n —> oo; 

(3) the measures 

s 2 



k„ „ - dfj, n (s) -> dp(s) 
+ 1 

weakly as n oo and 

lim / .f" 5 = c. 

I/(l)-(3) /ioW £/ien /i^ p is ^-infinitely divisible and 

f 1 + sz 

^^•"{z) = E nZ;"{z) = c+ dp(s), z e 



For p <E Ai, Theorem 12.31 shows that (^w 1 /™^™ converges weakly to some ffl- 
infinitely divisible measure B(/x) satisfying </>b( m ) = E^. Conversely, for any ffl- 
infinitely divisible measure v the sequence converges weakly to some \x 
satisfying <f> u — E^. Since E determines the measure uniquely, the map B induces a 
bijective map from M. onto the set of ffl-infinitely divisible measures. This map B 
is called the Boolean Bercovici-Pata bijection, which coincides with Bi as indicated 
in the introduction. 

In the study of ffl-infinitely divisible measures, there is one useful tool introduced 
in [5] called ffl-divisibility indicator: 

Ind(/x) = sup{i > : (i e M t (M)}, fi € M. 

Any measure fi € M. with finite support has Ind(/x) = 0, while fi is ffl-infinitely 
divisible if and only if Ind(/x) > 1. In general, for any t > and /igM we have 

Ind(B t (/x)) =t + Ind(/i) (2.8) 

For ffl-divisibility indicators of some specific measures, we refer the reader to [5]. 
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3. EB-INFINITE DIVISIBILITY OF M p ^ q (/j) 

For any fi G M. and p > 1, q > 0, denote M Ptq (fi) — (/i fflp ) U9 . Particularly, 
B (+1 = B t for any t > and B 2! i/2 = B. In this section, we mainly use 
Proposition 12.11 to investigate the measure B Pi(? (/i). Throughout the paper, the 
number r* stands for the conjugate exponent of any number r > 0, i.e., 

- + i = l. r?l 
r r 

and r* = oo if r = 1. Note that we have r* < if r G (0, 1). 

For p > 1, by (|2.6j) and the definition of Boolean convolution power we have 

^■.(,)(^ = WpW " p ( -t W " P) ^ ZeC+UM - ^ 
As a special case of (13. ip . if 1 + — p = 0, i.e., q = l/p* then 

This yields that the Voiculescu transform tfi Rp ^ of the measure B Pjl / p » (/i) has 
an analytic continuation to C + , which is given by 

<^ p .i/p*(m)( z ) = F K^ 1/p ,( P )( z ) -z = H p (z)-z 
= E^ p -i ) {z), zgC + . 
These observations are recorded in the following result. 

Proposition 3.1. For any measure /i G Ai and number p > 1, the measure 
Bp,i/p* ((J,) is W-infinitely divisible, the function F% 1 . „ extends continuously to 
C+UR, 



= (• F B p , 1/l ,.(/i)(*) 



z g c+ u : 



cmri i/ie Voiculescu transform ofM Pi i/ p * (p,) can be expressed as 

In particular, the above statements hold for Bi . 

Observe that Proposition ^, ll provides an easy way to prove that Bi(/z), // G M , is 
identically equal to the image B(/z) of /Lt under the Boolean Bercovici-Pata bijection. 
Indeed, by Theorem 12.31 and Proposition 13.11 we obtain 

<Ab(^) = E ll = </>Bi<»- (3-2) 

In [20] , results similar to Proposition 13.11 for the joint distributions for fc-tuples 
of selfadjoint elements in a C*-probability space were obtained by combinatorial 
tools. We refer the reader to the same paper for the so-called fc-tuple Boolean 
Bercovici-Pata bijection and related results. 

The following lemma contains some basic properties of the map B p .g which is fre- 
quently used in the sequel. The identity in (13.31) can be obtained by [5J Proposition 
3.1]. Here we provide an alternative proof using Proposition 13. II 

Lemma 3.2. If fi G M., p,pi > 1, and q,qi > then 



(^f p = n 1+pq _ q , - , (m), (3.3) 
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B pi,gl ° M P,q = B p(l+p lg -g), ^l\ a _ 9 > ( 3 ' 4 ) 

and 

B P ,, = B*oB p(1 _, t)irf5r , 0<i<^_. (3.5) 

Proof. It suffices to show the lemma for p > 1. By Proposition 12. 1[ we have 

pu>(z) — z , 

f ( „»,)fflp z = — , ze^, 

p — 1 

where the function u is the right inverse of the function 
H{z)=pz + {l-p)F^ 



= (l+pq-q)z+(q-pq)F fl (z), z€ 



On the other hand, since the number 1 + pq — q > 1 whose conjugate exponent is 

(1+pq-g) = , 

pq-q 

by Proposition 13. II we see that u — F„, where 

Then using the definition of the Boolean convolution power and (|3.6|) gives 

P — l p — l 

and = B 1+p<3 _ 9 _E2_ (/i), whence the formula in (|3.3|) follows. The equality 
in (pT4|) follows directly from (l33)l . Finally, note that if t e [0, l/(p*g)] then 

p(l - > 1 and - g ^ > 0, 

whence the measure Bwi-gtVq/n-gt) (p) is defined and (|3.5I) holds by (I3.4[) . □ 
If p > 1 and < q < 1/p* (or, equivalently, 1 + pq — p < 0) then (13.51) yields 
Mp^ q = Bi o B Pll9l , where 

pi = p(l — g) > 1 and qi = ^ — > 0. 

Using Proposition 13. II and the preceding discussions gives the following result. 

Theorem 3.3. // p € M, p > 1, and < q < 1/p* iften the following statements 
hold. 

(1) The measure B p>g (p) is ^-infinitely divisible. 

(2) For any n € N, 



^P,<?(p) ^ B p(n + g -n g ) q ((J,) 

(3) F/ie Voiculescu transform ofM p>q (fj,) can be expressed as 

4>B P ,v(n) = E » P1 , qi (p)- 

(4) For r > 0, Ze£ ^ r = B Pl , r (/x). Then 
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Particularly, for any t > 1 the measure B t (/x) is ^-infinitely divisible, 

and ^B t (ju) * s ^ e subordination function of fi ™ t+1 > with respect to that is, 
^>C*+D (^) = V* (^m („)(*)), ^ G C+ U K. 

Proof. The assertions (1) and (3) were proved (particularly, p = £ + 1 and 
9 = (£ + satisfy the condition 1 +pq — p < if and only if t > 1). Next, observe 
that 

p(n + q - nq) q 

> P - pq > 1 and — — — > 0, 

n ra(l — q) + q 

whence the assertion (2) follows from (|3.4p . By (3), F" 1 , . can be expressed as 



1 00 

F Bp l M (z) = (l + q j-F Vr {z), z G C+. (3.7) 



Since ^ (1+9l/r) = B pAl _ q)r+q (fi) by ([53]) . Proposition ET{4) and J377]) imply the 
assertion (4). Letting r = 1 in (4) yields the last assertion. □ 
Observe that if p is EB-infinitely divisible then fi G M(A4), i.e., the measure 
B _1 (/i) = (/i l±)2 ) ffl1 / 2 is defined. In order to investigate the measure of the form 
< p < 1 (that is, /i = 1/ for some v G VW ), we need the following lemma. This 
lemma was also provided in [2]; however, the case Ind(/i) = 00 was not considered 
there. 



Lemma 3.4. For any measure /1 G M. and any number q > 0, we have 

i nd( ^ ) = I^M. 

q 

Proof. First claim the inequality Ind(/x tt, ' ? ) > lnd(p)/q holds. It clearly holds 
if Ind(/i) = 0. Next, consider the case Ind(/x) > 0. Then for any finite r with 
< r < Ind(/i) pick a measure v G M. such that (i = M r (v), from which we obtain 
that 

Ind = Ind f (j/^ 1 ))"^ = Ind(B r/g (^)) > I, 

where vi E M and (|3.5[) is used in the second equality above. If Ind(/i) = 00 then 
letting r j" 00 gives Ind(/i tHg ) = 00 as well, which implies the desired inequality. 
Otherwise, letting r j" Ind(p) < 00 yields the claim. By considering the identity 
/i = (p Sq ) li)1 ^ q and using the claim, we obtain the opposite inequality, and then the 
proof is complete. □ 
Now we are able to determine for what value of p G (0, 1) the p-th EE-convolution 
power of a measure is defined. The following implication that (2) implies (1) was 
proved in [5], 

Proposition 3.5. Suppose that /1 £ M and fix a number p G (0,1). Then the 
following statements (l)-(3) are equivalent: 

(1) fjP p is defined, that is, /1 = i/ EBl / p for some v G A4; 

(2) 1 - p < Ind(^); 

(3) fi®( 1 ~P> is ^-infinitely divisible. 

7/(l)-(3) hold and tt p = F fJj w(i- P )(C + ) then the following statements are true, 
(a) The reciprocal Cauchy transform F p extends continuously to C + U M. 
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(b) The identity F m P (F^aa-p) (z)) = F^z) holds for z 6 C + U K. 

(c) TTie identity F jJ m P {z) = F^ (^F~J~ {1 _ p) (z)j holds for z € f2 p . 

(d) The Voiculescu transform of H^-p) can be expressed as 

4> p w(i- P ) = E, Bjxmp/j-i) =£^-1(^(1-^). 

Proof. If = /i then by Lemma T3. 41 we have 

Ind(/i) = plnd (B 1/p _!(i/)) > p Q - l) = 1 -p, 

which shows that (1) implies (2). Applying Proposition 13 . 1 1 to v and l/p yields the 
assertions (3). If (3) holds, i.e., </>„u(i-i0 € £ then the following function 



.^li-p) (z) + (1 -p)z 



F(z)= ^ - - * ' ■ v ze 

1-p 



belongs to J 7 , i.e., F = F v for some 6 .M, by which F^ (1 _ p) can be written as 

F-\ 1 _ p) (z) = -z+(i--)f v (z), ze£+. (3.8) 



Then by Proposition 2.1 and the definition of the l+l-convolution power we have 

— F,,}&(\— p) (z) — z 
F v m /P (z) = p " k _y = F^z), z e C+, 

v 

whence (1) holds. The assertion (a) holds since p = and l/p > 1, while 

(b)-(d) follow from the preceding discussions, (|3.2j) . and Proposition 12. If 5) . □ 
The proof of the preceding proposition also gives the construction of the measure 
/z fflp whenever it is defined for p g (0, 1). Indeed, by (|3.8|) the right inverse ui p of 
the function H p (z) = pz + (1 — p)F fl (z) (H p = F„a(i- P )) satisfies the relation 

p up(z) - z 

p-1 

and we have F m P (z) = F^(lj p (z)) for z e H p (C + ). 

The following proposition can be proved by [5j Proposition 3.1]. It can be also 
obtained by using (|3.3[) , (|3.1[) . and p.9[) , and we leave the proof for the reader. 

Proposition 3.6. Let /ieM and for p, q > let q' = 1 + pq — p and p' = pq/q' ■ 
(1) J/ /i ffl:p is defined and q' > i/ien we /lave ifte following identity 

^fflpA = / « g \ . ( 310 ) 



= - T ^ , ^C+, (3.9) 



(2) The formula (|3.3[) /io/ds /or either 
(a) p > 1 or 

(6) 1 - Ind(/z W9 ) < p < 1 and 1 +pq- q > 0. 

It was proved in [5] that p e Bt(.M) for any finite t with < t < Ind(p). In 
the following proposition we give an explicit expression for the measure pt so that 
p = B t (p t ). The reader should be aware of that this conclusion holds under the 
essential condition that t has to be finite and this condition may not be noticed 
without caution. 
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Proposition 3.7. If fi e M then for any finite number t with — 1 < t < Ind(/i) 
there exists a unique measure fi t G M. such that 

M =(^ (1+t) )^, (3.H) 
in which case fit can be expressed as 

Mt= (^ + D) ffl ^. (3.12) 

Particularly, we have fi = M t (fit) ift>0. In addition, if < t < Ind(fi) then the 
measure fi is Bi-infinitely divisible and its Voiculescu transform can be expressed 
as 

<j>p** = Efif* = -B( M a(2*))ffli/2. (3.13) 

Proof. It is clear that the measure fit in (j3-12p is defined and p. lip holds if 
-1< t < 0. If t = Ind(/i) < oo then 1 - Ind(^ llJ(t+1) ) = l/(t + 1) by Lemma[HH 
whence the measure fit in (|3.12[) is defined by Proposition [331 The same result also 
holds for < t < Ind(/i) G (0, oo], and hence the identity fi = B t (/j t ) holds. Next, 
observe that Ind(/i at ) > 1 for < t < Ind(/i), and therefore fi m is EB-infinitely 
divisible. The first equality in p,13[) follows by replacing fi with /i tM ( t + 1 ) and letting 
p = l/(t + l)in Proposition 13.51 while the second equality follows from (|3.2j) . □ 

Next, we relate the limit laws to EE-divisibility indicators. 

Proposition 3.8. Let q > and {fi n } be a sequence of measures in M. such that 
fi n — > fi weakly as n — > oo for some fi G M. Then the following statements hold. 

(1) The inequality limsup„ Ind(/x„) < Ind(/i) holds. 

(2) For any p > with 1 — inf„ lnd(fi n ) < p, fi^ p — > fiP p weakly as n — > oo. 

(3) The measures fif^ — » fi t>q weakly as n — > oo. 

Proof. The measure /i^ p in (2) is defined for all n by Proposition 13.51 whence 
(2) holds by Proposition 5.7]. The assertion (3) holds by [71 Proposition 6.2]. 
To prove (1), first consider the case that < t := limsup„ Ind(/i„) < oo. Then for 
sufficiently small e > we have 1 < limsup„ Ind(/in^* -< ^) by Lemma [3.41 whence 
there exists a subsequence {fi nk } such that fiti* ^ is EB-infinitely divisible for all 
k. Since the set of EB-infinitely divisible measures is weakly closed, we see that 
Ind(/^ ( *- £) ) > 1 by (3), which yields t-e < Ind(^). Letting e -J- shows t < Ind(fi). 
If t = oo then by similar arguments it is easy to see that m < Ind(/z) for any m > 0, 
and therefore Ind(/i) = oo. The assertion (1) clearly holds if t = 0, and hence the 
proof is complete. □ 

It was shown in Proposition 13.11 that the subordination function for the EB- 
convolution power appearing in (I2.6[) is in fact the reciprocal Cauchy transform 
of some EB-infinitely divisible measure. The following theorem states that the con- 
verse is also true. For other related results about the EB-innnite divisibility of the 
subordination functions, we refer the reader to [15] and [20] , 

Theorem 3.9. // fi G A4 then the following statements (1) and (2) are equivalent. 

(1) The measure fi is 'Si -infinitely divisible. 

(2) The function is the right inverse of some function H G T~i. 

If (1) and (2) hold then F u extends continuously to C + U K, H can be written as 
H(z) = F- 1 (z)=pz + (l-p)F Up (z), zgC+, (3.14) 



12 



Hao-Wci Huang 



F fl » P *(z) = F lip (F fi (z)), zeC+, 

where 

» P =(» mp ") Bij; , P>1. (3.15) 
Moreover, for r > f/ie measure is ^-infinitely divisible and 

Proof. First suppose that (2) holds, i.e., there exists some v E M. such that 
H(z) = 2z- F u (z) and H(F ll {z)) = z, z E C+. By Proposition I2TT 5) we see that 
Fp(z) = [F v ma(z) + z] /2 or, equivalently, \i = Bi(^), whence (1) holds by Proposi- 
tion [233 Conversely, if \i is ffl-infinitely divisible then the measure \x v in (|3.15p is 
defined by Lemma 13.41 and Proposition 13.51 Moreover, by the fact B Pjl / p «(/i p ) = fj, 
and Proposition 13.11 we obtain cf>n — E a( P -i), which yields the implications that 

(1) implies (2), and (|3. 141) . The last assertion follows from (|3.2p and Proposition 
I3.6f 1). Indeed, we have 

as desired. This finishes the proof. □ 
Next, we analyze the supports and regularity of ffl-infinitely divisible measures. 
Given such a measure /i, let = F M (C + ). Then by Proposition 12.1 IT ) and 13.91 
Sl = {z£ C + : 3F / 7 1 (z) > 0} is a simply connected domain and dfi = F M (R) is the 
graph of the continuous function 

f(x) = mf{y>Q:SF- 1 (x + iy) > 0} 

= inf|y>0: > -1 j , a; G K. 

Then Theorem I2.2f 1) shows that the function ip(x) = F~ x (x + if(x)), x E R, is 
homeomorphism on K. With the help of Proposition 12.11 we have the following 
conclusions. 

Theorem 3.10. Suppose that \x E M. is ^-infinitely divisible. 

(1) The function </> M has a continuous extension to dQ and for any Z\,Z2 G ft, 

\<f>n(zi) ~ 0^(^2)1 < - z 2 \. 

(2) For any z u z 2 G C+ U E, 

^=-^<|^i)-^ 2 )|. 

Consequently, has a continuous extension to R except one point and 
the measure fi has at most one atom. 

(3) T/ie measure \x has an atom if and only if G Sf2 and 

F- 1 (ie)-.F- 1 (0) 
lim — - = m > 0, 

cj.o ie 

m which case the point F~ 1 (0) is an atom 0/ /1 m£/i mass m. 

(4) The nonatomic part of fi is absolutely continuous (with respect to Lebesgue 
measure) . 
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(5) The measure fi ac is concentrated on the set ijj(V+) 7 where V + = {x : f(x) > 

o}. 

(6) At the point il>{x), x G V + , the density of /i ac is analytic and given by 



dx " tt(x 2 + f 2 {x)Y 
(7) The measure fi is compactly supported if and only if so is f . 

Proof. By letting p — 2 in Proposition 12.11 and Theorem 13.91 we have H(z) = 
(z) = 2z- F B -i (p) (z), z e C+. Then it follows from[2~lT2') that 

2 da{s) < 1, z e H. (3.16) 



s 2 + l 



/ 



where cr is the measure in the Nevanlinna representation of F^-i^y Since (f>^ ~ 
E^-ir^, the inequality in (1) holds for z € by Holder inequality and (|3.16p . 
whence (1) holds by continuous extension. The assertion (2) follows from Proposi- 
tion [2TT| (3). Observer that \i has an atom at a if and only if F^(a) = and the 
Julia-Caratheodory derivative F' (a) < oo, which happens if and only if € d£l and 

° < Fjjaj = ^W)' 

where (F^ 1 )'^) is the Julia-Caratheodory derivative of F~ x at 0. Hence fi({a}) = 
(F- 1 )'^) and (3) holds. Next, note that for any x € R we have i^(^(x)) = 
a; + i/(x). Since i 7 ^ extends continuously to C + UR, applying the inversion formula 
(1271) gives 

^-tyC*)) = —SGpWx)) = ^ x e V+, 

dX 7T 7r(x + / (x)) 

which, along with 12. l{ 4) gives (5) and (6). As noted above, F^x) = a.c. relative 
to the singular part of /x, from which we deduce that the singular part of /x is atomic, 
which gives (4). That (7) follows from (5) and the fact that /i has at most one atom. 

□ 

The constants appearing in I3.10f 1) and (2) are sharp. Indeed, by considering 
the standard semicircular distribution we have f2 = {z € C + : \z\ > 1}, and then 
taking z\ = 1 and Z2 = — 1 shows that 1 is the best constant in (1), whence the 
same conclusion for (2) follows immediately. 

Recall that the compound free Poisson distribution p(X, v) with the rate A > 
and jump distribution vis defined as the weak limit as n — > oo of /x^ n , where 

fi n = 1 U + -v 

\ n J n 

and v is compactly supported. The next proposition generalizes the jump distribu- 
tion with compact support to any measure in M. 

Proposition 3.11. Given v £ M., define 

s 2 

dp{s) = 5 ; : dv(s). 
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Then p(X,v) = Bi+a.i/(i+a)* (mo)> where pq is a measure in M. whose reciprocal 
Cauchy transform satisfies 

F^(z) = - [ ^—dis(s) + z+[^^dp(s). 

JR s + 1 JR s — z 

Consequently, p(A, v) is a ^-infinitely divisible measure with an atom at of mass 
1 — A for A < 1 and no atom for A > 1, 

4>p(\,v){z) = ^ E noi z ) = Xz J J—^ dv(s), 

and 

T At t\ w Ind (^o) + A 
Ind(p(A, v)) = . 

Proof. Since s 2 /(s 2 + 1) e ^(dv), the measure p is finite and positive, and the 
limit 

lim / ~TT~7 d Vn(s) = / -a— T <M S ) 
n ^°° Jr s +1 Jr s z + 1 

exists. Moreover, it is easy to see that 

ns 

9 , 1 d/z„(s) -> Adp(s) 

+ 1 

weakly. By Theorem 12. 3[ the measure /x^ n converges weakly to p(X, v), which 
satisfies 

<t>p(\,v)(z) = / 2 A f ; dv(s) + I A ^ + S ^ dp(s) = Xz [ — ^— dv(s). 

JR S + 1 Z — S Jr^-S 

On the other hand, the definition of po and Proposition 3.1 show that 
Then by Lemma 13.41 and (|2.8[) we have 



i+a,i/(i+a)*Oo) — A-E^g — </>p(\,u)- 



Ind(p(A,i/)) = Ind(B A (/i 



,wan _ Ind(/i ) + A 



A 

Next, we apply Theorem l3.10f 3) to locate the atom of p(A, z/). Since <j) p {\ t v) (0) = 0, 
S (3i 7, p (A,jy)(C + ). Moreover, by the dominated convergence theorem we obtain 

M f^#hWj = Alim / ^ *,(.) = -A, 
<40 ie e^o J R ie — s 

which gives the desired result. This completes the proof. □ 
Since the EE-divisibility indicator is zero for any measure with finite support, we 
have the following result. 

Corollary 3.12. We have p(X,S a ) = B 1+Aa/(1+A) , (p ), where p = (So + <*2o)/2, 
Ind(p(A, 5 a )) = 1, and 4> p (x,S a )( z ) = aXz/(z - a). 

We finish this section with an interesting observation. If Ind(/i) > 1 then 
Ind(B _1 (/i)) = Ind(/i) - 1 > by tgLEf) and ([3~3j) . This implies that ^ = E K -i M 
has a continuous extension to C + U 1 by Proposition 13.51 whence we have the 
following proposition. 

Proposition 3.13. If p e M. with Ind(/i) > 1 then <f>^ has a continuous extension 
to C+Ul. 
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4. Measures with mean zero and finite variance 

Recall that for \l 6 M. with mean zero and unit variance, <5>(p) is the unique 
measure in M. satisfying the Eq. \2A\ with a 2 = 1, i.e.,E^ = G^r^y In general, 
a measure fi has mean m and finite variance a 2 if and only if /i EH 5_ m has mean 
zero and variance a 2 because d{p EH <5- m )(s) = dfj,(s + m), and hence E^g_ m = 
cr 2 G $ ^^ ffl(5 _ , B iy,3j. Since Ind(/x) = In.d(// EH S a ) for any a € K by [21 Proposition 
3.7], in what follows we only consider measures with mean zero and finite variance. 

Recall that the free Brownian motion started at v £ M. is the process {v EH 74 : 
t > 0}. The connection among this process, the map B t , and the subordination 
function of the EH-convolution powers is described in the following theorem, which 
was proved in [5] and |12j . For the completeness, we provide its statement and 
proof. 

Theorem 4.1. If /j, 6 M has mean zero and variance a 2 , and v = $(At al /' j2 ) then 
G v m^ 2 (z) = G v (F Bt+l!t/(t+1)M (z)) = E ^'^ {Z \ z g C+ u R, (4.1) 
where t > 0. Consequently, we have (f>n t+1 t/{t+1) {p,) = ta 2 G v and 

E B t (n) = <r 2 G uS%a2 . (4.2) 
Proof. Let p — t + 1 > 1. Since = a 2 G u , it follows that 

H p (z) := pz + 0— p)F li {z) = z + {p- l)a 2 G v {z), z E C+. 
If uip is the right inverse of H p then [T21 Proposition 2] shows that 

G ^7 (p _ 1)ct2 (*) = G,K(z)) = ^ff , zeC+UR. 

Since cjp = F Bj> 1 , p »( M ) by Proposition 13.11 the above identity yields (14. ip . Finally, 
the rest assertions follow from </>i p = £yn(„-i) = (p — l)cr 2 G„ and (|4.ip . □ 
The identity (|4.2p indicates that has mean zero and finite variance pa 2 if 
p > 1. The next result shows that this is also true for the measure /x fflp whenever it 
is defined. 

Lemma 4.2. Suppose that ^ <E M has mean zero and variance a 2 . If the measure 
jj^ p is defined for some p > then it has mean zero and variance p, in which case 

X^T / ^ 2) )=H^ 2 ) a ^-^ p>i, 



4> 



^((^^EH^-^M^ 2 ), P<1. 

Proof. By (|4.2I) . it suffices to show the lemma for the case 1— Ind(/i) < p < 1. Let 
v = $(/i wl / a2 ), fi p = fi a P, and H{z) = z/p+(l- l/p)F llp {z). Then it follows from 
JSU) that F Mp (%) = F^Hiiy)) or, equivalent^, ^(iy) = iy-H{iy)+a 2 G v {H(iy)) 
for sufficiently large y > 0. Since z — if (z) = (1 — l/p)E^(z), we see that E^ p (iy) = 
pa 2 G v (H(iy)) for sufficiently large y > 0. Next, we claim that E fip /(pa 2 ) G £/. 
Indeed, since lim^oo H(iy)/(iy) = 1, for any a > there exists a number /3 > 
such that 

H(iy) „ a 
W VI + a 2 
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from which we deduce that H(iy) g T a pi for y > (3, where fi' = (1 — c Q )/3. By [5J 
Proposition 5.1], we obtain 

hm iyE^iiy) = pa 2 ( lim -^—) ( Hm H(iy)G„(H(iy))) = pa 2 , 

which yields that E^ p /(p<r 2 ) E G, as desired. Finally, let v v = $((^ ffl P) l±,1 /(p^ 2 )). 
Then E^m P — pa 2 G Vp and (|4.2[) show that 

P^G^u^-) = E^p = E Bi/p _ i{fi m P) = po 2 G Vs> m 1 ^_ v)tr2 , 
which gives the last assertion. If p > 1 then E^ = a 2 G^^ wl/cj 2^ and (14.21) yield 

as desired. This completes the proof. □ 

Proposition 4.3. Suppose that has mean zero and finite variance a 2 . If t 

is a finite number with < t < ip(fi) and /it is the measure defined in (|3.12|) then 

E^ t — o 2 G Vt and E^ = c 2 G„ t ffl 7tCT2 , 

where v t = $ (jJ^ 1 ^ 

Proof. By Lemma 14.21 it is clear that [it has mean zero and variance cr 2 , whence 
the conclusions follows from (|4.2[) . □ 

The preceding proposition gives a reformulation for the EE-divisibility indicator 
of measures with mean zero and finite variance. 

Corollary 4.4. If [i E M has mean zero and finite variance a 2 then 

Ind(^i) = sup {i > : E^ = CT 2 G„ t H 7t ^ 2 for some v t E M} . 

The preceding corollary enables us to associate to each measure v E M. a non- 
negative number: 

C{y) = sup{< > : v = v t EB j t for some v t E Ai}. 

We will call C{y) the semicircular decomposition indicator of v. The connection be- 
tween EB-divisibility indicator and semicircular decomposition indicator is described 
in the next result. 

Theorem 4.5. For any v E M. we have B(v) = Ind($ _1 (;/)). 

We now characterize EB-infinitely divisible measures with mean zero and finite 
variance. 

Theorem 4.6. If fi E M. and a E (0,oo) then the following statements are equiva- 
lent: 

(1) [i is a ^-infinitely divisible measure with mean zero and variance a 2 ; 

(2) there exists a measure v E M. such that M = a 2 G v ; 

(3) is the right inverse of some H E H satisfying lim^oo iy{H{iy) — iy) — 

o- 2 ; 

(4) there exists a measure v E M such that E^ = a 2 G v ^ 2 . 
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If (l)-(4) hold and p = 1 + er 2 then the measure v in (2) and (4) can be expressed as 



v — $ 



(>*) 



31/p 



T/ie function H in (3) caw oe expressed as 

H(z)=z + <t 2 G v (z) ) (4.3) 

and 

G„ffl v ^ = G„(i^(z)), zeC+UK. (4.4) 
Moreover, for any r > we have 

E^mr = ra 2 G v m- 1ra i ■ 

Proof. First suppose that (1) holds. Then the measure (fj, w2 ) m / 2 = B _1 (/i) has 
mean zero and variance a 2 by Lemma l4.2| whence M = E^-it^ — o~ 2 G v for some 
veM and (2) follows. The definition of 4> shows that v can be expressed as 

V= ^((B- 1 (M)) aVCT2 ) = $( ' 



where the Eq. p,10[) is used in the second equality above. If (2) holds then H{z) = 
F~ 1 (z) — <pfj,(z) + z, which implies (3). If the statement (3) holds then H{z) = z + 
o~ 2 G Vx for some v\ € M,. Then p21 Proposition 2] shows that is the subordination 
function of v EH 7^2 with respect to v, whence we have 

(*) = G V1 (F^z)) = Z ~^ Z \ zeC+, 

and the assertion (4) holds. The implication that (4) implies (1) follows from Corol- 
lary 03] Moreover, the identity (|4.2p shows that — Sb(b-i(^)) = <^ 2 G V2 s~/ 2 , 
whence the assertions (|4.3[) and (|4.4I) hold by the preceding discussions. For the last 
assertion it suffices to show that v r := $((/i fflr ) tt,1 /(»'°- )) = v EH 7 r(T 2. If r < 1 then 
^ r EH 7 ( i_ r ) CT 2 = $(/i u1 /" 2 ) by Lemma O Since $(/z tt,1 / CT2 ) = j/ EH 7(T 2, the desired 
equality follows. Similarly, if r > 1 then i/ r = <f>(/i ttll / <T ) EH 7( r _i) cr 2 = 1/ EH j ra 2, as 
desired. □ 
Let H be the function defined as in (14.31) and 



n = {zeC + : StH(z) > 0}. 

It was shown in |12| that the function G v extends continuously to fl and this 
extension is Lipschitz continuous on f2 with the Lipschitz constant 1/cr 2 . Moreover, 

\G u (z)\<-, zeO. 

a 

Combining these facts and Theorem 14.61 gives the following result. 

Corollary 4.7. If [1 £ M. is a ^-infinitely divisible measure with mean zero and 
finite variance a 2 then 

IGWy^ (zO-Gv^ateOI < ^F^zx) - F^{z 2 )\, z u z 2 G C+ U M, 

and 

\<f>»{z)\ < <r, 
where v = QQi* 31 /* 3 ) and n = F fl (C+). 
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It was shown before that has a continuous extension to <C + Ul if Ind(/i) > 0. 
In general, the converse is not true. Indeed, let fi G M be so that E p = Gm = 
l/(z + i), where N is the Cauchy distribution. Since 4>n = —i, it is easy to see that 
N cannot be written as a free Brownian motion stated at some measure, whence 
B(N) = 0, which yields Ind(/i) = by Theorem 14.51 In the following theorem, we 
improve this result for measures with mean zero and finite variance. 

Theorem 4.8. If fx G M. has mean zero and finite variance a 2 then 

(1) Ind(^) > if and only if E p = a 2 G v ^ lt for some v G Ai and t > 0; 

(2) Ind(^i) > 1 if and only if <p p = er 2 G„g] 7t for some v G M. and t > 0. 



Proof. The assertion (1) was proved in Proposition ^. 31 Since (f> p = E^-i^ and 
Ind(/i) = 1 + Ind(B _1 (/x)) if /i is ffl-infinitely divisible, the assertion (2) follows (1). 

□ 

For a G K, by the fact (fi ffl 8 a ) mp = n m ' p ffl 5 pa and the identity (fi ffl S a ) w<1 = 
(/Lt a9 ffl 8 a ) W 5( g _i) a shown in [2j Proposition 3.7] we have 

Bp, g (/i ffl S a ) = (B p , g (/i) ffl tf po ) fcd 6 p{q ^ 1)a . (4.5) 

Next, we use (|4. 5[) to investigate the free compound Poisson distribution p(A, 2/), 
where v has finite variance. 

Proposition 4.9. Suppose that v <E M has mean m and finite variance a 2 . Then 
and 

P (A,!/)ffl(5_ Am = ^rri 2 G Uo , 

where m 2 = m 2 + a 2 is the second moment of v and aVo( s ) — s 2 /m 2 dv(s). Conse- 
quently, p(A, v) has mean Am and variance Xm 2 , and Ind(p(A, i>)) > 1 if B(vq) > 0. 

Proof. If /io is the measure defined in Proposition 13. 1 l~l then 

Efj, (z) = / s dv(s) + / — — dv{s) = m + m 2 G Uo {z), (4.6) 

JR Jl z_s 

from which we obtain 

E l i as- m {z) =E IM3 (z + m) -m 

= m 2 G VQ {z +m) = m 2 G VQm _ m (z). 
Then Theorem 14.11 shows that for any p > 1 we have 

E » p ,i/ P .( P0 BL m ) = (p - l)- E » J ,_ 1 ( /l0 ffl5-m) = (P _ l)m2G Vo m5_ m m-y {p _ 1)m2 ■ (4.7) 
On the other hand, by (|4.5|) we have 

^W/^toEM-m) (*) = ^"p,!/,* (m) ( z - P m ) + C 1 - P) m > 
from which, along with (|4.7[) , we deduce that 

Eb pA/p . Qm>)( z ) + (1 - ??) m = (P - l)TO 2 G I/offl5 _ mffl7(p _ 1)m2 (z - pm) 
or, equivalently, 

^B p ,i/p*(M)ffl<5(i- p ) m = (P - 1 )™2G l/offl5(p _ 1)m ffl 7(p _ 1)m2 . 
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Letting p — A+l in the above identity gives that p(A, v) have mean Am and variance 
Affl2- Since 4>p(x,u) = A-E^, it follows from (|4.6p that 

<Pp(X,f)BS-xm = Am 2 Gj /0 . 

The last assertion follows from [2j Proposition 3.7] and Corollary 14.81 □ 
From the preceding proposition, it is easy to see that p(A, 5 a ) has mean Xa and 
variance Xa 2 , and Ind(p(A, S a )) — 1 since vq = S a . 

5. Support and regularity for measures in M PtQ (M) 

If p, q > then the measure M Ptq (fi) (if is defined) is a Dirac measure S a if 
and only if p = 5 a /r P q\ . For the rest of the paper we confine our attention to the case 
of p G M which is not a point mass and follow the notations used in Proposition 
12. II and 12.21 We denote by p the unique nonzero (because p ^ 6 a ) measure in the 
Nevanlinna representation (|2.2[) of F^. Therefore, the Nevanlinna representation of 
Fpwq is 

f 1 + HZ 

Fp»,(z) = q5tF tl (l)+z + q / —— dp(s), z G C+. (5.1) 

JR s ~ z 

In certain situation, F^ is defined and takes a real value at some x G M (for 
instance, a; is an atom of p), in which case we write F fl (x) G R. The following result 
shows that for p > 1, q > 0, is Lipschitz continuous on ri p and takes real values 
onfi^nffi. 

Proposition 5.1. For p > l,q > 0, F^wg extends continuously to fl p and satisfies 

F^ q (zi) - F^ q (z 2 ) 
z\ - z 2 

Moreover, (|5.1[) ZioWs /or z G fi p and the Julia-Caratheodory derivative F' aq is 

1 

(s-zj 



<H -, zx,^ 2 Gf2 p . 

p- 1 



F; Mg (z) = 1 + q / - dp(a), zen p . (5.2) 



Proof. First, applying Proposition 12 . 1 f 2) and the Holder inequality to E^ gives 
EJ Zl )-EJz 2 ) 



z\ - z 2 



I (* 2 + l)dp{s) 1 

< / i n r- — 7' zi,z 2 eii p 

S — Zi\\S — z 2 \ p — 1 



Then by the continuous extension, the above inequality holds for z\,z 2 G Q p , and 
therefore the Nevanlinna representation (|2.3|) of i? M holds for z G fi p . Using the 
dominated convergence theorem, the Julia-Caratheodory E'^ is then given by 

whence the desired results follow from the identities E^aq = qE^ and F^ mq = 
l-E'^ q . □ 
The following lemma plays an important role in the investigation of atoms of the 
measure M p ^ q (p). 

Lemma 5.2. Let x G E and / M 6e i/ie function defined as in (|2.5[) . TTien 
(1) F fJi (x) G K and i/ie Julia-Caratheodory derivative F'(x) G (l,oo) 
z/ and oraZy if 



20 



Hao-Wci Huang 



(2) F^aOeR andf^x)e (O.oo), 

m which case (|2.2p ZioWs /or z = a; and F' (x) = 1 + ffi{x). 

Proof. First, suppose that (2) holds. Then x € f2 p for some p > 1 and 
(|2.2p holds for z = x by Proposition 12.11 2). As shown in Proposition 15.11 wc 
have the Julia-Catatheodory E'{x) — f^{x), whence Julia-Caratheodory derivative 
F'ii{ x ) — 1 + fni x ) £ (1; 00 ) an d (1) follows. On the other hand, if both F fl (x) and 
the Julia-Caratheodory derivative F'(x) are real numbers then 

pi {x) = Um Zj{F^x + 2e)-F, (x)} + ^ i3[F M (a: + ie)-.F M (3:)] 
= Um Z[F ll (x + ie)-F ll (x)] = Hm SF M (x + » e ) 



= lim (l + / - — 1 — - dp(s) 
V y R («- x) 2 + e 2 

/" s 2 + l 

^ i+ y R (i-^ dp(s) ' 

where the monotone convergence theorem is used in the last equality. This yields 
the implication that (1) implies (2) and the proof is complete. □ 
Recall that a is an atom of a measure v if and only if F v (a) = and the Julia- 
Caratheodory derivative F' v {a) G [l,oo), in which case v{{a}) — l/F^a). The 
atoms of /J, Wq , q > 0, are characterized in the following proposition, which is a direct 
consequence of Lemma [Ol and the identity F' m = qF'^ + 1 — q, where F' Wq and F'^ 
are the Julia-Caratheodory derivatives. 

Proposition 5.3. If /i € M. (/j^ 5 a ), q > 0, and «el then (l)-(3) are equivalent: 

(1) the point a is an atom of the measure fi ti)q ; 

(2) F^(a) = a/q* and the Julia-Caratheodory derivative F'(a) € (1, oo); 

(3) F^(a) = a/q* and / M (a) € (0,oo). 

Ifr = (1 - ^({a})) -1 > 1 then (H) ZioWs for z ^ a and 

*£(a) = 1 + ^(^ = 1 + —^—. 

g(r - 1) 

Using the identity /i = (/Lt tt ' 9 )' ±i1 / 9 , g > 0, gives the following corollary. 

Corollary 5.4. If q > 0, r > 1, and a € I t/ien i/ie following statements are 
equivalent: 

(1) a is an atom of fj,; 

(2) -F)i(a) = andf^a) G (0, oo); 

(3) ^^(a) = (1 — g)a and f/ie Julia-Caratheodory derivative F'w q (ot) € 
(l,oo); 

(4) F^mi/q (a) = a/q* and the Julia-Caratheodory derivative F' wl/q (a) € (l,oo). 

//MM) = l-r -1 then Ma) = 1/r-l, ^.(a) = l + g/(r-l), and F'^^a) = 
l + Igtr-l)]- 1 . 

Next, we characterize the points in K at which F^ is defined, takes real values, 
and has finite Julia-Caratheodory derivatives. 
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Proposition 5.5. Letp > 1 andletx,a, and [3 be real numbers. Ifpx+(l—p)f3 
then (l)-(4) are equivalent: 

(1) F^x) = and < f^x) < l/(p - 1); 

(2) Fn(x) — and Julia-Caratheodory derivative F'[x) £ (l,p*); 

(3) H p (x) = a and the Julia- Caratheodory derivative H' p (x) 6 (0,1); 

(4) ujp(a) — x and the Julia- Caratheodory derivative oj' p {a) £ (l,oo); 

(5) F^m P (a) — and the Julia- Caratheodory derivative F'^ mp (a) £ (l,oo). 

If (l)-(5) holds then (2.1) holds for z = x and 

p - H' p (x) _ poj' p (a) - 1 pFmM 



W = 1 + M*) 



p-i (p-iH(«) i + (p- 1)^,(0)* 



Proof. The equivalence of (1) and (2) was proved in Lemm.a l5.2l The equivalence 
of (2) and (3) and that of (4) and (5) follow from the identities of Julia-Caratheodory 
derivatives H' (x) = p+(l— p)F'(x) andF' fflp (a) = (pw„ (a)— l)/(f>— 1), respectively. 
The implication that (4) implies (3) holds by the fact w'(a) = l/HL(x), where 
the Julia-Caratheodory derivative u)' p (a) must be understood as +oo if the Julia- 
Caratheodory derivative H' p (x) — 0. Conversely, if (3) holds, i.e., (1) holds (because 
(1) and (3) was proved to be equivalent) then x £ fl p , whence we have uj p (H p (x)) = 
x by Proposition 12.11 (3), and the statement (4) holds by the equality uj' p (a) = 
1/H' p (x). The last assertion follows from the preceding discussions. □ 

We are now in a position to characterize the atoms of the measures in M p , q (A4). 

Proposition 5.6. Suppose a £ R, p > 1, and q > 0, and let p' ,q' be the numbers 
defined in Proposition \3M If p*q ^ 1 then the following statements are equivalent: 

(1) the point a is an atom o/B Pj9 (/i); 

(2) F^m P (a) = a/q* and the Julia-Caratheodory derivative F'^ Bp (a) £ (l,oo); 

(3) F fJi (a/p / ) = a/q* and the Julia-Caratheodory derivative F'(a/p') £ (l,p*); 

(4) F^a/pi) = a/q* and < U(a/p') < l/(p- 1). 

Moreover, i/B P)9 (/x)({a}) = 1 — r -1 for some r > 1 then 

F' Bp (a) = l+ ' 



and 



^ g(r-l) 
f'M/p') = i + UNp') = 7 (r :, l | + P 1 = i + -Tr^r-r, 

pq(r — 1) + p — l q [rp — 1) 



In addition, if p*q < 1 then B p 9 (/i) has at most one atom. Particularly, the above 
assertions hold for B t , t £ (0, oo)\{l} 7 as well. 

Proof. The equivalence of (1) and (2) follows from Proposition 15.31 Next, 
note that the hypothesis p*q ^ 1 shows that p 1 ^ oo. Then letting x — a/p' and 
— a/q* gives the equivalence of (2) and (3) by Proposition 15.51 By Lemma IS~2l 
we see that (3) and (4) are equivalent. By simple computations, the rest desired 
equalities also follow from Lemma [221 Proposition [231 and !5.5l That the measure 
M Pi g(p), p*q < 1, has at most one atom is a direct consequence of Theorem [373] and 
[37T01 □ 

Proposition l5.6l indicates that the Julia-Caratheodory derivative F^ < p* is one of 
the necessary conditions to guarantee the existence of an atom of B Pj9 (/x), p*q ^ 1. 
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Indeed, consider the symmetric Bernoulli distribution p = \{5-i + Si) and the 
arcsine law of distribution Bi/2(p) whose density is given by 

d(B 1/2 ( M ))(x) = 1. da, [-V2, V2]. 



ix\j2 — x 2 

In this case (p = 3/2, q = 2/3, p' = 2,q' = l/2,p* = 3, and g* = -2), if a = iv^ 
then it is easy to check that Fp(a/2) = —a/2 and the Julia-Caratheodory derivative 
F'p(a/2) = 3. However, the points ±\/2 fail to be atoms of B^Cp)- This example 
also reveals an inaccuracy in the statement of [Proposition 5.1(2), [5], which only 
requires the Julia-Caratheodory derivative F'^ < p*. 

Now we are ready to state the main theorem in this section whose proof is 
basically based on Proposition 12.11 and Theorem 12.21 



Theorem 5.7. Suppose that p is a measure (p 7^ S a ) in Ai, and that p > l,q > 
such thatp*q 7^ 1 (q' = 1 +pq — p =/= 0). Using the notations in Provosition \2.l\ and 
Theorem \2.2l the following statements hold. 

(1) The nonatomic part of the measure B Pj q(p) is absolutely continuous. 

(2) The measure (Bp !(J (p)) ac is concentrated on the closure of ip p (V p + ). 

(3) The density o/B p . ? (^)) ac on the set ippiV^) is given by 

rf(B M ( M )) ac = (p-l)pg/ P (aQ 

p 7r|p<7a; - q'ip p (x) + ipqf P (x)\ 2 

(4) T/ie density of (B Pi9 (/i)) ac is analytic on the set ip p (V p + ). 

(5) Let n(p,q) be the number of the components in the support of (B Pj9 (p)) ac . 
TTien n(pi, gi) > n.(p2, 92) whenever pi < p 2 and <7i, (72 > 0. 

Particularly, the statements (l)-(5) holds for M t (p) ; t£ (0, oo)\{l}. 



Proof. Since the function ip p defined in Theorem 12.21 is a homeomorphism on K 
and u! p extends continuously to R by Proposition 12 . 1 f 3) . it follows from (|3.ip that 

z? f / ( w Pqx-q'tpp{x)+ipgf p (x) 

Since -Fb p (p) extends continuously to C + U R, by the inversion formula (|2.ip we 
obtain 



dx p ir\pqx - q'-ip p {x) + ipqf p {x)\ 2 '' 



Comparing the above formula with (l2.7[) shows that the supports of (p fflp ) ac and 
(B P! g(/i)) ac coincide for any q > 0. Observe that ^soj p (ijj p (x)) = f p (x) > for 
x G V p + , whence uj p is analytic on V p + by Proposition 12.1( 4). From the preceding 
discussion, we deduce that statements (2)-(5) hold by Theorem 12.21 

Next, let p' = pq/q 1 ■ We claim that if a point a £ R such that F K ( At )(a) = 
and the Julia-Caratheodory derivative F^ ( p )( a ) — 00 or ' equivalently, F^a/p') — 
a/q* and the Julia-Caratheodory derivative F'(a/p') = p*, then a belongs to the 
set ip p (^p + ): which is the closure of -)p p (y p + ). Note that we have f p (a/p') = 

by Proposition 12. If 2) and Lemma T5.21 and there does not exist an open interval / 
containing a/p' such that f p {x) = for all x G I. Indeed, if such an interval / exists 
then p(J) = by [Corollary 3.6, [TS]. This implies that the second order derivative 
of on I is positive, whence / M is strictly convex on /. But f^,{x) < (p — 1) _1 for 
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all x G / and fu(cx/p') = (p — 1) — , a contradiction. This particularly implies that 
the point a/p' G Vp~ , whence 

Ma/P') = H p (a/p') = ^ + (l-p)F fi (a/p > ) = a G ^ P (v+) , 
and the claim follows. Moreover, we see that the set 

{i£t: f P {x/p) = 0, M x /P) = x and F'^x/p') < p*} 
is the collection of all atoms of B p>g (^) by Proposition 15. 61 and the set 
{ip p (x/p') :i(El, fp(x/p') = 0, and ip p (x/p') ^ x} 

has B Pi9 (/i)-measure zero by the established result (2). Then the preceding dis- 
cussions and the established results (2) and (3) show that R = ip p (M.) consists of 
the atoms of B Pj(J (/Lt) and the support of (M Pyq (fi)) ac , and therefore the assertion (1) 
follows. □ 
For the rest of the paper, we turn the attention to numbers p > 1 and q > such 
that p*q = 1. The following proposition follows from Lemma [5.21 Proposition 15.31 
and 15.51 and the proof is left to the reader. 

Proposition 5.8. If p > 1 and a G K then the following statements are equivalent: 

(1) the point a is an atom of the measure B Pil / p »(/x); 

(2) F m P {a) ~ a/(l — p) and the Julia- Caratheodory derivative F' Bp (a) G 
(l,oo). 

(3) F p (0) — a/(l — p) and the Julia- Caratheodory derivative F'(0) G (l,p*); 

(4) F p (0) = a/(l-p) and < f p (0) < l/(p- 1). 
//Bp,i/ P * (/i)({a}) = 1 — r^ 1 for some r > 1 then 

Particularly, the above statements also holds for Bi . 

If fio is the measure defined in Proposition 13.111 then it is clear that F^ (0) = 
and ffj, g (0) = 1. This yields that the compound free Poisson distribution p(X, v) has 
an atom at of mass 1 — AforO<A<l and no atom for A > 1 by Proposition [ST51 

The following theorem is a reformulation of Theorem l3. 101 since O = fi p , ip = ip p , 
and / = f p . Therefore, its proof is practically identical with that of Theorem 13.101 
or Theorem 15.71 and is omitted. 

Theorem 5.9. If fj, £ M. and p > 1 then the following statements hold. 

(1) The nonatomic part o/B pl / p » (//) is absolutely continuous. 

(2) The measure (B Pil / p . (/i)) ac is concentrated on the closure of ip p (V p + ). 

(3) The density o/ (B p l / p * (/i)) ac on the set ipp(V p + ) is given by 



dx ^ " n(x* + / p 2 (x)) 

(4) The density o/ (B p l / p * (/i)) ac is analytic on the set ip P (V p + ). 

(5) The number of the components in the support of (B p i/ p * {p)) ac is a decreas- 
ing function of p. 

Particularly, the above statements also holds for Bj . 
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Since fi = v Sp for some v € M. and p > 1 if fcid(fi) > by Proposition 13. 5[ we 
have the next result by Theorem 15.71 and 15.91 

Corollary 5.10. If fi G M with Ind(/i) > then (/ji l±>q ) ac and ^t ac contain the same 
number of components in their supports for any q > 0. 

It was shown in [18] that there exists a measure fj, € M. such that /jP p contains 
infinitely many components in the support for any p > 1. Since (B Pi9 (/i)) ac and 
(/|EB p ) ac nave t ne number of components in their supports, we have the following 
result. 

Proposition 5.11. For any t > 0, there exists a measure /i ( 6 M such that 
Ind(/i t ) = t and the support of /i t contains infinitely many components. 
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